The analysis of Paper II is specialized to vacuum metrics appropriately for a discussion of their stability. And Carter's theorem, that asymptotically flat axisymmetric vacuum metrics, external to black holes, cannot allow nontrivial axisymmetric neutral deformations, is deduced.
I. INTRODUCTION
In the second paper of this series (Chandrasekhar and Friedman 1972a, b ; these papers will be referred to hereafter as Papers I and II, respectively) we obtained a necessary and a sufficient condition that a uniformly rotating configuration will allow a nontrivial mode of neutral deformation. The condition that was obtained (namely, II, eq. [49] ) can, of course, be readily specialized to apply to asymptotically flat vacuum metrics that are external to event horizons; and it is also clear that the condition so specialized must enable one to deduce directly Carter's theorem (Carter 1971) which effectively states only that asymptotically flat vacuum metrics that are external to black holes cannot allow any nontrivial neutral deformation. It is the object of this paper to show how Carter's theorem can be deduced from the analysis of Paper II appropriately specialized. But before we proceed to a demonstration of Carter's theorem, we shall first recast the theory of Paper II in a form that is more suitable for a general discussion of the stability of vacuum metrics.
In this paper we shall continue to use the same notation as in Papers I and II; and we shall not attempt to redefine the many symbols. 1 
II. THE EQUATIONS OF THE PROBLEM
We consider then an asymptotically flat stationary solution of the equations of Paper I, § VI in which all the terms containing € andp are suppressed; and we consider the evolution of infinitesimal axisymmetric perturbations of such a solution. While the * Permanently at the University of Chicago. 1 It may, however, be recalled that the form of the metric chosen in the nonstationary case is ds 2 = -e 2v (dt) 2 + e 2W (d<j> -codt -q 2 ,odx 2 -q3,odx 3 )
2 + e 2li 2(dx 2 ) 2 + e 2tl 3(dx 3 ) 2 ,
where v, 0, c*>, q 2 , q 3 , p 2 , and are all functions of x 2 , x 3 , and t, but independent of <£. The metric for the stationary case is obtained by setting q 2 and q 3 equal to zero and requiring that the remaining functions are independent of t as well. Also, in the stationary case we have the freedom to impose a coordinate condition on p 2 and /x 3 . The equations governing the perturbations are obtained by linearizing the equations, valid under general nonstationary conditions, about solutions consistent with the stationary metric. Further, a time-dependence of the form e iat is assumed for the perturbations. analysis which follows is applicable to perturbations of the field variables of the vacuum, irrespective of the sources that may generate that field, we shall have in mind, principally, the case when the solution is in fact bounded in the interior by an event horizon; in other words, our principal concern will be in the result of perturbing vacuum metrics that are external to black holes. The linearized field-equations that govern the perturbed vacuum solutions can be readily written down by simply suppressing the terms in e and p in the various equations in Paper I, Part HI. While we shall not write down all the components of the field equation, it will be convenient to have the explicit forms of the (0, a)-and the (1, a)-components. As we have seen in Paper II, these components provide some of the basic initial-value equations of the problem-in the case of the vacuum, the, only initial-value equations of the problem; and they play, formally, an equivalent role in the theory of neutral deformations as well.
The (0, 
Equations (1) and (2) ^,2 -<72,00 = -*>,2(3&A -Sv + V 3 -a/x 2 ) -+ (4) and Sco, 3 -<7 3> oo = -*>, 3 (3S0 -^ + V2 -S/X3) + e-** +v+ »s-»2Q, 2 .
As we have shown in Paper II, § V, these equations, without the terms in # a> oo> are formally valid in the quasi-stationary case as well; but in that case the equations serve to define the function Q.
Equations (4) and (5) 
provides a dynamical equation for Q.
As we have noted already in Paper I ( § XII, eq.
[167]), the foregoing equations make redundant the (0, 0)-and the (0, l)-components of the linearized field-equations. And the system of equations (l)-(6) can be completed by adjoining to them two of the remaining equations, say, the [(2, 2) + (3, 3)]-and the (1, l) (1) and (2) for the barred quantities-we are justified in considering these equations for the barred quantities since they are initial-value equations -and multiply them by Si/f >2 and S0 >3 , respectively, and integrate over the 3-space bounded by two 2-surfaces SV and S 2 -We shall eventually let S 1 tend to the event horizon at the center and S 2 tend to infinity; but for the present we shall leave them unspecified. After several integrations by parts and making use of the (0, 0)-component of the linearized field-equation for the unbarred (proper) variations, we obtain 
In equation (7), the symbol
in the integrands of the surface integrals (that result from the various integrations by parts) has the following meaning. For a fixed x ß (ß ^ a) let the appropriate limits of x a be x a (l) and x a (2) > x a {\) \ the symbol then stands for the difference in the values of the quantity enclosed by the double brackets at x a (2) and x a (l). Equation (7) is derived from the initial-value equations only; this fact is evident from the nonappearance of any term in a 2 in this equation. We also observe that the volume integral in equation (7) is symmetric in the barred and the unbarred quantities. The corresponding integrand, when sources are included, does not have this property ; it is therefore peculiar to the vacuum.
Next, we multiply the same equations (1) and (2) for the barred quantities by Sv 2 and respectively, and integrate over the 3-space included between Si and S 2 . S. CHANDRASEKHAR AND JOHN L. FRIEDMAN Vol. 177
After several integrations by parts, we obtain 
where in the course of the reductions use has been made of the [(2, 2) + (3, 3)]-, [(2, 2) -(3, 3)]-, and the (1, l)-components of the field equations for the unbarred (proper) variations and only of the initial-value equations for the barred (trial) variations. We observe that the volume integral in equation (8) is symmetric in the barred and the unbarred quantities, a property that is again peculiar to the vacuum.
It can now be verified that by adding equations (7) and (8), we recover II, equation (25) with the terms in e and p suppressed. But we obtain a simpler formula by subtracting equation (7) 
ä) The Surface Integrals in the Case the Integration Is over All 3-Space External to an Event Horizon
As in Paper II, § Ilia, we shall consider the surface integrals in equation (9) in a system of spherical polar coordinates (x 2 = r and x 3 = 0) when e* occurs with a factor r sin 0. Then by the same arguments as in Paper II, § Ilia, ß = 0 and 80 = 8/¿ 3 at 0 = 0 and 0 = tt ;
and the only terms that survive in the integrand of the integral over d<!>dx 2 are those that occur with 0, 3 as a factor. And it is readily verified that under these circumstances the integral that survives is
(HX The reduction of the surface integral over d<l>dx 3 on the event horizon and at infinity requires a careful consideration of the role of gravitational radiation in the general problem. We shall return to these matters in Paper IV (now nearing completion). However, as we shall see in § V below, for quasi-stationary deformations the integrals over d(/)dx 3 on the event horizon and at infinity both vanish.
IV. A VARIATIONAL PRINCIPLE
In deriving equation (9), we supposed that the trial variations, represented by the barred quantities, satisfied only the initial-value equations. In view of the symmetry of the integrand of the volume integral in the barred and the unbarred quantities, we now formally identify them to obtain 
where, for the sake of brevity, we have not explicitly written out the surface integrals. We shall now consider equation (12) (12), of arbitrary infinitesimal increments in the trial variations that are consistent only with the initial-value equations and the proper boundary conditions. We can readily write down an explicit expression for Sa 2 by subjecting the integrand in equation (12) to the desired variations. We start with this expression for Sa 2 and trace backwards the reductions that led to equation (9) starting from equations (1) and (2) (13) In view of this result, a variational principle can now be formulated in terms of equation (12) as in Paper II, § IV, following II, equation (34).
V. A NECESSARY AND A SUFFICIENT CONDITION FOR THE OCCURRENCE OF A NEUTRAL MODE OF DEFORMATION
In Paper II, § V, we have defined precisely when a stationary system may be said to allow a neutral mode of deformation. In the present context, the definition requires that we ask for the existence (or otherwise) of a nontrivial solution of the equations governing equilibrium linearized about a particular solution of the same equations.
By an analysis exactly analogous to the one followed in Paper II, § V, it can be shown that the required condition can be obtained by simply rewriting equation (12) with the left-hand side set equal to zero and with the additional freedom to set 8r = 0 if we are describing the stationary state in a spherical polar or a cylindrical polar system of coordinates.
While the analysis in the preceding sections is valid, irrespectively of the source of the vacuum field, we shall restrict our further considerations to the case when the field is that external to an event horizon. In that case we require to know in some detail the asymptotic behaviors of the various metric coefficients and their variations at infinity and the boundary conditions that obtain on the event horizon. We have already determined the behaviors of the metric coefficients (in Paper I, § VII) and their variations (in Paper II, § Yb) at infinity. We shall now state, following darter (1969, 1971) , the boundary conditions that we must impose on the event horizon. The principal boundary condition is e ß = 0 on the horizon .
In addition, the condition that the horizon be nonsingular requires that ge" 2^ is smooth on the horizon .
A further requirement that follows from equations (1), (2), and (14) is that Qo) t3 dx 2 -Qa> t2 dx 3 = 0 on the horizon . (17) to ensure regularity on the axis. We now turn to the form which the condition for the occurrence of a neutral mode of deformation takes for the case of an asymptotically flat vacuum-metric external to an event horizon. Let the stationary solution be described in a system of spherical polar coordinates. Then we can set Sr = 0; and by equation (11) (and footnote 2) the surface integral that survives the integrations by parts with respect to the polar angle 0 (= x 3 ) vanishes. Considering next the integral over d(¡>dx 3 in equation (9), we first verify that the contribution to the integral from infinity vanishes by virtue of the known asymptotic behaviors of the various quantities. The contribution to the integral from the horizon also vanishes by virtue of the conditions (14) and (15) We can now state that a necessary and a sufficient condition for the occurrence of a neutral mode of deformation for an asymptotically flat vacuum-metric external to an event horizon is that equation (18) together with its first variation vanish simultaneously.
While equation (18) was derived on the assumption of an underlying spherical polar system of coordinates, it is clear that the final result is independent of this assumption. In particular the equation is equally valid for an underlying cylindrical polar system of coordinates. In the latter case /x 2 = /¿s and equation (18) 
And it follows 3 from this equation that 8ß = 0 or 8il*=-8v.
And when 8ifj = -8v, equation (6) 
Most simply by noting that JJJ (e ß 8ß) ta (e ß 8ß) ta dx = 0.
where integrations by parts have been effected in passing from lines 1 to 2 and 3 to 4; in both cases the integrated parts vanish by virtue of the conditions at infinity and on the event horizon. Multiplying equation (27) by a trial variation 6^, we obtain, after integrations by parts,
the integrated parts vanishing by virtue of the condition (14) on the horizon and the known asymptotic behavior of Si/j at infinity. Equation (28) can be brought into a manifestly symmetric form by making use of the relations included in equations (23). Finally, by identifying 8i/j and 8i/j we recover equation (25).
b) The Verification of the Variational Principle
The first variation of equation (24) is
where ^S 2 </i and are the variations in 8^ and Q. After integrations by parts of the first and the last terms in equation (29), we obtain JJJ {SVt-W,«),« + IXe^-'H] + lQ{e-**^8Q, a ), a }dx = 0, (43) We have thus reduced the integrand of equation (25) to a sum of squares. And the only way in which the integral can vanish is for each of the summands to vanish identically; and it can be readily verified that this is possible if and only if 8i/j= 8Q = 0.
The impossibility of a nontrivial neutral mode of deformation has thus been demonstrated; and Carter's theorem follows.
VII. CONCLUDING REMARKS
In the present paper and in Paper II our concern has been with establishing conditions for the occurrence of neutral modes of deformation, though the basic analysis has been general enough to allow for the possibility of gravitational radiation. In the general framework several problems remain to be resolved. The principal one, to which all the others can be related, concerns the effect of outgoing gravitational waves at infinity on the convergence of the volume and the surface integrals in the variational expression for a 2 . And related to the expression for a 2 are two major questions. First, is it true that when a 2 0, the proper solution of the full characteristic-value problem tends to the neutral mode of deformation that has been considered in Paper II and in this paper? And second, is the principle of the exchange of stabilities valid for the problem considered? Or to state the question differently, does instability necessarily occur via a state for which a 2 = 0 ? This last question is particularly intriguing since the integrands of the normalizing integrals which occur as factors of a 2 in equation (12) and in II, equation (33), are not manifestly positive definite. And the question is insistent whether stationary states exist for which the factor might vanish. In the next paper of this series we shall start addressing ourselves to these questions.
